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Effective field theories with non-derivative couplings are playing an increasingly prominent role in elementary particle phenomenology, particularly in the context of N = 1 supergravity, where the starting point is the effective tree lagrangian [1, 2] for N = 1 supergravity coupled to N = 1 supersymmetric matter. Phenomenological analyses [3, 4] have generally been performed by using this lagrangian to define an effective renormalizable theory near the Planck scale ~~:-1 • One takes the limit 11:-+ 0 after appropriate shifts of those fields that acquire vacuum expectation values (vevs) of order or greater than the Planck mass mp = ~~:-1 = (81rGN)-1 f 2 = 2.4 x 10 18 GeV.
The usual renormalization group methods are then used to study [4] the theory at lower energies. This procedure is sufficient as long as loop corrections to the tree potential play no signficiant role near the Planck scale.
An obvious counter-example is the one-loop effective potential at finite temperatures near the Planck scale, T ~ mp, that may play an essential role in determining the initial conditions for a suitable inflationary scenario. It has been shown [5] that the scalar loop contribution to the effective potential in a theory with nonderivative couplings is obtained from the second covariant derivative of the tree potential, where here covariance means with respect to general transformations among scalar fields, as will be seen explicitly in Section 2. This result, first applied to the study of finite temperature potentials [5] , was subsequently [6] used to determine the one-loop effective zero-temperature potential in "no-scale" models [7] of N = 1 supergravity. As these models have the feature that some vevs are left unspecified at tree level, radiative corrections near the Planck scale can again be important. Indeed it was shown [6] that, in the absence of nonperturbative effects, one loop corrections leave the vacuum unchanged in a class of models obtained [8] from compactification of the zero-slope limit of 10-dimensional superstring theories. On the other hand, for the effective tree potential obtained [9] in the presence of conjectured non-perturbative effects that determine two otherwise undetermined vevs at tree level, one finds [6, 10] that at one loop an additional vev is determined, fixing the gravitino mass within a few orders of magnitude of the Planck mass.
The purpose of this paper is to extend the methods of Ref. 5 to the full oneloop effective scalar lagrangian including derivative terms. Here we discuss only contributions from scalar and spin-1/2 fermion loops. A full calculation of the one--loop effective lagrangian for N = 1 supergravity requires, of course, the inclusion of higher spin loops. In Section 2 we give the scalar loop contribution. This is a generalization to the case of non-derivative couplings of previous derivations [11, 12] of the effective one-loop scalar lagrangian in renormalizable models. In Section 3 we apply this result to the non-linear u-model and give the explicit result including terms with two derivatives. The covariant multi-loop expansion for the non-linear u-model [13] , or for more general models posessing a non-linear symmetry [14] , has been studied previously. The main difference here is that we include a nontrivial potential (a chiral symmetry breaking "u-term") and show that the result obtained from the non-linear model is reproduced by an appropriate limit of the linear u-model.
An additional difference is that we display the effective one-loop lagrangian as an integral over four-momentum of a function of the momentum and of covariant functions of the fields and of their covariant derivatives. In the context of theories with derivative scalar couplings , "covariance" is meant with respect to general transformations among the scalar fields. As discussed in Section 4, the methods presented here are equally applicable to scalar and spin-1/2 fermion loop contributions to the effective lagrangian for higher spin fields, in which case "covariance" is meant with respect to gauge transformations. In addition to assuring an invariant (under field redefinition and/or gauge transformations) result, this explicitly invariant formalism considerably simplifies application to the case of a specific theory.
In Section 4 we give the spin-1/2 fermion-loop contribution to the effective scalar lagrangian in a general model where derivative couplings arise through multiplication of the canonical fermion kinetic energy by a matrix-valued function Z(4>) of the scalar fields. The immediate purpose of presenting this result is to show that this contribution contains no quadratic divergences, since for a general simply supersymmetric supergravity theory with N chiral multiplets, only spin-1/2 fermions and scalars contribute to the leading N radiative corrections that we discuss in Section 5. As an aside we point out in Section 4 that the explicitly invariant formalism developed here is readily adapted to the evaluation of the fermion (or scalar) loop contribution to effective lagrangians for higher spin fields and evaluate the QED ,8-function as an example.
Section 6 summarizes the results. 
The Scalar Loop Contribution
In theories with no derivative couplings, the scalar lagrangian can be written in the form
where t/>;( i = 1, ... , N) are N real scalar fields. In this case the one-loop correction to the effective scalar lagrangian is given by
where fl. is the scalar propagator in the presence of a background scalar field, and can be obtained as the second scalar functional derivative of the action [15] :
Here we consider a more general scalar lagrangian of the form
In this case, the one-loop correction to the effective scalar lagrangian is modified according to [16, 5] :
where in this case the inverse scalar propagator .:1 is obtained as the second covariant scalar derivative [13, 14, 5] of the action:
where in (2. 7) the covariant functional derivative D is related to the ordinary functional dervative 6 according to: ,. (2.9) . . and covariant (ocfo;) quantities under scalar field redefinitions.)
To evaluate the inverse propagator (2.7), we first take the functional derivative of the action to obtain: (2.11) where D; is the ordinary covariant derivative:
. a We then obtain, after some algebra, the following expression for the inverse propagator (2.7): (2.14) where it is to be understood that Z(x) and U(x) depend on x only through cfo(x), and ui = z-. 1 n;Div p pt (2.15) is the scalar mass matrix [5] as a function of the background field cfo. The matrix R(x) in (2.14) is defined as 16) where R;qi(x) = R;qi (cfo(x) ) is the curvature tensor: (2.17) and vanishes identically if the scalar metric zii can be expressed as A [ (x, y) 
(2.20)
We introduce the notation 2.21) and express the matrix-valued covariant 4-derivative as:
Introducing a further matrix-valued function of the scalar fields: 
Inserting this expression into Eqs. (2.6), (2.20) gives [11] I I d4p
(2.24) (2.25) The matrix-valued, functions -y,. and H may be expanded [11] as a Taylor series in -jp, e.g.: However, it is possible to simplify calculations and cast the result in manifestly covariant form by using the identity:
where F and g are matrix-valued functions of their arguments with
The identity (2.27) holds because in the expansion of g-1 around vanishing arguments the derivatives (which unless otherwise specified operate on everything to their right) give no contribution. Similarly, since by integration by parts the derivatives in the expansion of g can be made to operate to left, they again give no contribution. It follows from the identity (2.27) that
where Let us now choose
which is not precisely of the form g(ijap, a.,) since there is an explicit x-dependence through "Y(x). However, it is easy to see that the identities (2.27) and (2.29) still hold with this choice. We use the further identities:
and ei/;·B•ip e-i/;·Bs -·ip -a(z)
to write
where we have introduced the covariant matrix-valued Lorentz tensor (2.35) and the last term in (2.34) is obtained by expanding the exponentials to give ,., ... D,.nG.,,.(x) (2.37) with the covariant derivative D; defined in Eq. (2.12) , is the general covariant 4-derivative understood as operating on an arbitrary tensor-valued function of the scalar fields. In the particular case of a matrix-valued function of the type G{:
Finally we introduce
p,., ... P,.n where H has been defined in Eq. (2.26).
Collecting the above results, we obtain from Eqs. (2.29-30) :
and the one-loop effective lagrangian is given from (2.25) as:
The result (2.41) may be expanded, using methods similar to those of Ref. 11 
--.
•
One reason for this procedure is that we do not wish to lose the quadratically divergent contributions, since in many applications the cut-off 1-' 2 is physically meaningful; applying dimensional regularization to the once-subtracted integral as in Ref.
11 would eliminate these terms. Using the prescription (2.43) rather than simply cutting off the integral at I p 1 2 = 1-' 2 has the advantage that decoupling is explicitly satisfied in the sense that (as will be seen below) contributions from massive internal particles (U ~ 1-'
2 ) vanish up to scalar field independent terms. This will be particularly important in our discussion of the u-model. Finally, as expressed in the last term in (2.45) the integral over d 4 p is at most logarithmically divergent. It can be evaluated, for example, using dimensional regularization; then the remaining divergence in 1/ f is field independent, as are finite corrections to replacements of the form
that we will use below. (Note that in supersymmetric theories all the field-independent terms that we will drop vanish in the sup_ertrace.)
In the applications given below we will consider only terms up to second order in derivatives of the scalar fields. In this case the term in G,.v in Eq. (2.41) will not contribute, as can be seen by writing: 
Note that, aside from the coefficients of In 1-' 2 , the numerical coefficients in (2.50) are specific to our regularization prescription, Eqs. (2.43-45) . In the case of a single scalar field, the remaining integral in (2.50) can be evaluated, giving a finite result, in agreement (up to a total derivative) with Ref. 11, for the second order derivative term.
To generalize the result (2.50) to the case of nonderivative couplings we need only make the replacements
However, since R [Eq. (2.16) ] is second order in derivatives, we need only retain the terms linear in R in those terms of (2.50) that contain no explicit derivatives. We use:
where F is an arbitrary function of H, to obtain
(2.53)
Note that the only quadratically divergent derivative term is proportional to the "curvature" R; R = 0 for a renormalizable theory.
The Non Linear u-model
In this section the above result will be applied to the non linear a-model defined by the tree Lagrangian .,
N
The curvature R is determined from the definitions (2.16-17) and (2.9-10) as:
.Rf = ; 2 (o!a,.1r,.a"1r,zld-a,.1r"a"1r;Z;") and the scalar mass matrix is we obtain the effective one loop Lagrangian
2 ) +total derivatives. (3.8) As expected, the quadratically divergent derivative term is chiral invariant, while soft symmetry breaking u f. 0 generates a logarthmically divergent derivative coupling at one loop.
As a check of the formalism developed in Section 2, we show that the result (3.8) can be obtained as an appropriately taken limit of the linear a-model. We start from the Lagrangian
(3.9)
In the limit g -+ oo, the field a is fixed at its ground state value a2 = F2 _ 11"2, (3.10) such that the coefficient of g vanishes; substituting (3.10} into the Lagrangian (3.9}, one obtains the non-linear model of Eqs. (3.1-3) . One expects that for finite but
2 , the linear model should mimic the non-linear model 14 for the effective theory at scales ¢> 2 :;;;,p, 2 . We show here that this is indeed the case for the one-loop effective Lagrangian when the limit of large g is suitably defined.
Consider first the case of a constant background field: < a,..¢>; >= 0. Then the effective Lagrangian (3.8) reduces to the effective one-loop potential [17] y(1) -__!!__!( 2)
•II -2(411")2 u, J.L (3.11) where u is defined in Eq. (3.2) and [c/. Eq. (2.45)]
1 .
2 ) ~~~· 2p, 2 m 2 1n2 + ~m 2 ln(2m 2 /e3/2p, 2 ) + const. .l ; = 6;~; a¢>~; a¢>; = g 6; if> -F + 2¢>;¢>' which has N degenerate eigenvalues m2 = g(¢>2 _ p2) and a non-degenerate eigenvalue
The one loop correction to the effective potential is given in this case by: 
.,.. (3.27} which differs from the result (3.8) for the non-linear a-model by the expression: 
a,.¢>;a"¢>; = zii a,.1r; 8"1r; + o(g-2 ) Inserting these results in (3.33a) gives for (3.31) the expression: (p2 + u + ).#l2)4 -(p2 + u + ).#l2)S -(>. One sees that the divergent term as g-> oo cancels in the sum of (3.37) and (3.39) , and that their contribution gives precisely (3.28) up to a total derivative:
(3.40)
The Fermion Loop Contribution
We consider a (Dirac) fermion Lagrangian of the form:
where Z(¢>) is a scalar field dependent matrix in the space of internal fermion quantum numbers, and B(¢>) is a field dependent matrix in both internal and Dirac spaces.
As before, the inverse propagator is given by the second derivative of the action:
giving:
(4.4)
For Dirac fermion loops the one-loop contribution to the effective Lagrangian is:
(4.5)
As in Section 2 we write:
21r ap (4.6) and obtain:
In the following we take the field-dependent matrix C of the form: and similarly forM= M(x-iip). Next we note that
:=if:/.M (4.11) (4.12) where we define D,. as a covariant four-derivative operator; for a matrix valued operator M(x):
Finally, we follow the discussions of Sect. 2, Eqs. (2.27-41) , to write the effective one loop Lagrangian in the manifestly invariant form: As before the expression (4.14) depends only on the covariant quantities M and G,., and their covariant derivatives. We further explicate the expression (4.14) by writing:
(p + f:J2 = p2 + (';2 + {p, ro (4.17) and {p,m = 2P"G,. + [G",p,.] + iu"" [G,,p,.] . (4.18) From the definition (4.16) of G,. we obtain [G,,p,.] =a,.,-ig,., (4.19) where we define
Substituting these relations in (4.14) we obtain our final result for the fermion loop contribution to the effective Lagrangian:
with G,., G,. 11 and g, . 11 defined by Eqs. (4.16) and (4.20) . While the expression We will use the above formalism to calculate the QED .8-function. This is determined by the one-loop fermion contribution to the renormalization of the photon kinetic energy term: 1 (4.24) so that upon substitution of (4.22-23) .
The .8-function can be extracted from the once-subtracted result:
.C~"' = .
Cf (0) Returning now to the fermion loop contribution to the effective scalar Lagrangian, we make the identifications: (4.35) for the field-dependent matrices defined in Eq. (4.8) . In the following we retain terms only up to second order in derivatives of the scalar fields. Then since Gpv = o(a 2 ), expansion of (4.27) with a Jl defined by (4.21) gives the non-vanishing terms Note that the derivative terms are at most logarithmically divergent, as is also the case for the second term in (4.36) since it contains two extra propagators relative to the quartically divergent expression (4.14).
M= M(t/>)
A~'= -iapt/>;F(4>)U(t/>) ---+ M 2 (4>) a~'U(t/>) ---+ DpM 2 (4>) = a~'M 2 (4>) + [F(t/>)Bpt/>;,M 2 (4>)].
Locally Supersymmetric Models
Locally supersymmetric models are characterized by N complex scalar fields
with the scalar Lagrangian 13) in which case the tree potential is of the form (5.10) with f = 0. We see that the vacuum structure is unchanged by the leading N quadratically divergent radiative corrections .
Summary and Conclusions
We have presented expressions for the scalar-and fermion-loop contributions to the effective one loop scalar lagrangian that are explicitly invariant with respect to a redefinition of the scalar field variables. Our results, for the general class of models where derivative couplings arise through multiplication of canonical kinetic energy terms by a matrix-valued function of the scalar fields are given in Eqs. (2.41) and (4.21) for scalar and fermion loops, respectively. We have expanded these expressions up to terms of second order in the derivatives of scalar fields, to obtain more explicit expressions for the effective lagrangian in this order as displayed in
Eqs. (2.53) and (4.36), respectively. As discussed in Section 4, the formalism is readily adapted to the case of a background gauge field, in which case the results are expressed in terms of the gauge covariant field strength and its gauge covariant derivatives.
In Section 3 we applied the formalism to calculate the one loop effective lagrangian of the non-linear u-model including terms of second order in derivatives of the pion fields, and showed that the same result can be obtained as a suitably defined limit of the one loop effective lagrangian of the linear u-model. Finally, in Section 5 we applied the formalism to determine the leading N, where N is the number of chiral multiplets, contribution to the one-loop effective scalar lagrangian of "no-scale" locally supersymmetric models. A full treatment of this problem will require a generalization of the formalism to include higher spin loops.
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